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Abstract—Experiments were performed to study the laminar developing and fully developed flow and heat
transfer inside an elliptical duct having an aspect ratio of 0.5. The working fluid was air and two thermal
situations were investigated, the first with the duct at a uniform temperature and the second when the wall
temperature distribution is linear in the axial direction and does not vary transversely. The hydrodynamic
results are presented in the form of a sequence of velocity profiles on the major and minor axes, measured at
axial locations extending from the duct entrance to the fully developed regime. The axial drop in the static
pressure due to the combined effect of the flow development and wall friction is also reported. The extended
length necessary for static pressure development, expressed as x/Re D,, was found to be 0.0345, The thermal
information depicts the temperature development in the duct entrance by a series of temperature profiles on
the major and minor axes. The thermal results encompass as well the Nusselt number and the thermal entrance
length in each of the above two thermal situations. To the author’s knowledge, theoretical solutions for the
hydrodynamic flow development in the entrance of elliptical ducts do not exist. The present experimental fully
developed dimensionless velocity and friction factor were compared to the analytic value of L. N. Toa [On
some laminar-forced-convection problems, ASME J. Heat Trans. 83, 466-472 (1961)]. The percentage
difference in the friction factor is 0.78%;. The thermal development of the flow in the elliptical duct was studied
analytically by N. T. Dunwoody [Thermal results for forced heat convection through elliptical ducts, J. app!.
Mech. 29, 165-170 (1962)] and V. Javeri [Analysis of laminar thermal entrance region of elliptical and
rectangular channels with the Kantorowich method, Wdrme Stoffubert. 9, 85-98 (1976)] for the uniform and
linear wall temperature ducts respectively. Both analyses assume either uniform or fully developed velocity
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profiles in the developing regime.

INTRODUCTION

A vAriery of modern engineering equipments
incorporate virtually all kinds of noncircular flow
passages. Literature on flow and heat transfer is
obviously necessary for the design and optimization of
such conduits. Some of these passages are not long
enough for the flow to attain the fully developed regime.
Furthermore, in many flow situations, the fluid is of
such a high Prandtl number or the passage is of such a
small hydraulic diameter that the flow pattern must be
laminar. Qutside flow across a slender elliptical tube
experiences less pressure drop than over a circular one,
and it is due to this advantage that numerous heat
exchangers are nowadays built with elliptical tubes.
Using complex variables, closed form expressions for
the laminar fully developed velocity of flow inside
elliptical ducts were derived by Toa [1]. Similar results
have been deduced elsewhere by [4-6]. Theoretical
hydrodynamic solutions in the entrance region of
elliptical ducts are not available. However, the total
pressure drop due to flow development K _, as well as
the length needed for complete hydrodynamic
development L/Re D, can be determined from the
approximate methods devised by Lundgren et al. [7]
and McComas [8], respectively. The fully developed
friction factors of flow in elliptical ducts can be found in
[7]. Chiranjivi and Ravi Prasad [9] measured friction
factors in three different elliptical ducts having aspect
ratios 0.25,0.5 and 0.75 and the correlations contained

an L./D, parameter. Shah and London [10] believe
that the duct lengths in the experiments [9] are not long
enough for the flow to achieve full hydrodynamic
development and consequently the friction corre-
lations [9] are valid neither for developing nor for fully
developed flows. The experimental fully developed
friction factors measured by Someswara Rao et al. [ 11]
in an 0.25 aspect ratio duct deviate from the theoretical
values by +10%.

On the energy transport side, Toa [1] analyzed the
laminar fully developed heat transfer with internal
energy generation in an elliptical duct receiving axially
constant heat flux while its local transverse periphery is
at a uniform temperature. Tyagi [12] extended the
results of [1] to include viscous dissipation and
reported closed form expressions for the Nuy,. The case
of laminar fully developed heat transfer, with the
simultaneously in the axial and circumferential
directions uniform heat flux, was treated by Iqbal et al.
[13], once with the conformal mapping and another
with the variational analytic approaches. All published
analytic solutions concerning the thermal entrance
region of elliptical ducts assume either uniform or fully
developed velocity profiles throughout the duct length.
Dunwoody [2], assuming a fully developed velocity
distribution, expressed by a double infinite series
expansion the temperature development in the
entrance of the elliptical duct. Applying the Galerkin
method, Schenk and Han [ 14] checked the accuracy of
the solution [2] and their results are in excellent
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L, entrance length

Nu  Nusselt number

p pressure

Pr Prandtl number

T temperature

Re Reynolds number

u axial velocity

x axial coordinate

y,z  transverse coordinates (major and
minor)

NOMENCLATURE
Dy duct hydraulic diameter Greek symbols
f friction factor B temperature decay constant
K(x) incremental pressure drop due to flow p density
development E,n  elliptical cylinder transverse coordinates

¢ function defined, equation (5)
l// (T_Tw)/(T0~Tw)

0 (T-T)T-T,)

A eigenvalue, equation (5).

Subscripts and superscripts
B average value

at duct inlet
static

stagnation value
at axial location x
wall value.

£ X " ®w O

agreement with [2]. The fully developed Nusselt
numbers Nu; can be obtained from the asymptotic
values in [2]. Toa [15], with the variational calculus,
derived a closed form expression for the variation of the
fluid bulk temperature in the thermal entrance length of
an isothermal elliptical duct. Employing the extended
Lévéque method, Someswara Roa et al. [16] solved the
thermal entrance problem in short ducts for either
isothermal or constant heat flux boundaries. On the
other hand, the method based on the Lévéque theory
and initially proposed by James [ 17] to predict the flow
and heat transfer characteristics in the limiting
geometries, was extended to evaluate the Nusselt
number in isothermal ducts. James’s approach [17] is
inessence not different from that employed by [16], and
therefore their mutual results agree excellently and also
agree fairly well with [2] and [14]. Gilbert ez al. [18]
assumed a slug flow model to analyze laminar
convection in the immediate vicinity of the entrance to
anisothermal elliptical duct. Javeri [3] analyzed, using
the Kantorowich method, the entrance problem with
the wall temperature varying linearly in the flow
direction while being, at any axial location, uniform
peripherally.

From the foregoing literature survey, the need
becomes evident for precise information regarding the
separate hydrodynamic development as well as the
simultaneous flow and temperature development in the
entrance of elliptical ducts. The objective of the present
research is not only to generate this information froma
painstaking highly accurate experimental set up, but
also to provide a base to check the approximations
inherentin the solutions [2, 3, 18], dueto idealization of
the velocity distribution in the energy transport
equation. Neither the experimental data [11], with the
+10% deviation in the friction factor, nor the
correlations [9] can provide this datum.

EXPERIMENTAL APPARATUS

This section describes the experimental set up used to
study the hydrodynamic and thermal characteristics of

laminar flow inside an elliptical duct having major and
minor axes of 39.15 and 19.55 mm, respectively. The
aspect ratio is therefore 0.49936 (approx. 0.5). The air
circulation through the apparatus is of the induced
draft type and is effected by a 0.55 Kw fan, Fig. 1. A 1.0
x 1.0 m stagnation aluminum plate is fixed at the
entrance to the elliptical duct and simulates a semi-
infinite plate which serves to eliminate any expected
disturbances and flow asymmetries in the stream. The
air leaving the downstream end of the elliptical duct
enters a 20 x 20 x 30 cm long parallelpiped box. The
function of this box is to damp the flow oscillations
arising from the intermittent action of the fan blades.
The air mass flow rate is measured by a 19.25 mm
diameter orifice meter, manufactured according to
ASME specifications, and is incorporated in the 50.8
mm piping connecting the damping box to the suction
fan. The flow rate, and consequently the Reynolds
number, is controlled by a 50.8 mm gate valve placed
ahead of the fan and is joined to it by a conic piping.
The 4 m test section, made of aluminium, was made
using the extrusion method with a specially designed
die. Figure 2 is a cross-sectional dimensioned drawing
of the duct employed. The duct is formed from two
symmetrical halves tied together with bolts and nuts.
The two halves are aligned together with guide
aluminum keys located in the longitudinal slot formed
at the RHS of the duct block. The 28 heating cartridges,
fitted to generate the desired thermal boundary, are
embedded in longitudinal heaters’ cavities (two at the
top and two at the bottom). The heaters are divided
electrically into seven groups. A group, occupying a
given axial location, consists of four heaters, two
cartridges in the top half of the duct and two in the
bottom half. The four heating elements of a group are
connected in series, and are energized independentally
from other groups. The electrical energy input to a
group is controlled by a variable resistance. The static
pressure is measured at 25 axial locations. The static
pressure taps drilled at the upper end of the minor axis
are 0.7 mm in diameter, and are all checked
microscopically for burrs at the edges. Thirty-two



2399

Experiments on laminar flow and heat transfer in an eiliptical duct

Juswadurire [Bruswuadxy 1 O]

£1ddne teonod
esvyd eyIurg

|

I03WOTIPUT oxn
A&c«os:o» v.nou.w.un:duL agoxd TE3THTT

8UTY sa+ ALrddns
eawgd
aTuTg

Lrddne zenog £1ddne
eavgd e1uIS Janog eswgd -~ ¢

2 *ON YO4TIMB I03067eg
qo4tas
1010018G

8IS0
~Ijuosd
Xo3een
*3o01y

/1 18Tavo

— P
Hﬂ«noo oﬂ»uoﬂm

O

L.

b Z
2

~ / ®,0/3 weR

Wl

L

%
|

.

ywrd a:ﬁa:ah »sV@ & ,. | @\\ %\

UOT3098 3801 1omp oredITIR xog Suyduweg e3e7d 80TILIO fATHA 93%)

$ o

jutor pexedw] wy 3Feap peompul



2400

R. M. ABDEL-WaHED, A. E.

ATTiA and M. A. Hirvg

Centermg Key

Electvic heater cavity .
LElectilc heat Yo

Access tor lateral
measuring probes

Statip Pressure
e R e

| _Manual traversing .-~

unit fixing bolts

Direction of flow

Fic 2. Elliptic duct cross-sectional view.

openings provide access for the velocity and
temperature probes to the inside of the duct so that
velocity and temperature distributions along the ellipse
major and minor axes can be measured at 16 different
axial locations. The openings’ diameters are 6.25 mm,
and not being in use, they are plugged by specially
profiled copper inserts, each matched to a correspond-
ing hole. Prior to the experimental runs, the inside
elliptical surface of the test section, with the profiled
plugsin place, is hand sanded and then polished using a
lapping compound to ensure a perfectly smooth duct
surface. The positions of the velocity probe holes are 15
mm downstream of the corresponding static pressure
holes,the difference being the length of the foot of the L-
shaped pitot tube utilized to measure the velocity. The
pressure measurements are effected by a digital
Baratron, manufactured by Setra systems, with a
resolution down to 70 um water head. The Baratron
system is connected to two pressure selector switches
with solenoid stepper drives to select between 24
channels. The pressure wiring diagram of Fig. 1 allows
two alternatives for picking the static pressure
distribution in the test section. Either the pressure
difference between any two consecutive taps, or the
pressure drop at any tap below the atmosphere can be

determined. The velocity probe designed and
fabricated for the measurement of the velocity field is of
the stagnation type, having outside and inside
diameters 1.15 and 0.9 mm, respectively, giving a
diameter ratio of 0.78. The dimensions of the velocity
probe used in the present investigation are so selected to
be effective in reducing both the response time of the
velocity sensor and the disturbances arising from the
blocking of the flow passage by the probe. The ratio of
the outside probe area to the elliptical duct area is only
0.173%. The excess dynamic head above the static
pressure at any location in the duct is also read on the
digital Baratron system. The velocity probe is mounted
on a traversing mechanism which permits controlled
travel normal to the wall. The position of the probe was
determined by a vernier having a 0.05 mm resolution.
An electric signal circuit is closed when the probe
touches the duct wall. To avoid errors arising from the
backlash in the lead screw of the traversing mechanism,
the traverse of the probe is always made to begin from
the wall side, opposite to where the traversing
mechanism is mounted, towards the duct center line. As
demonstrated in [19], for flow velocities corresponding
to Reynolds numbers based on the probe outside
diameter and less than 45, the transformation of the
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F1G. 3. Velocity measurement of turbulent air flow in a 50.8 mm
round pipe.

dynamic head into pressure head at the probe mouth
ceases to follow Bernoulli’s equation and viscous forces
play a role. Barker [ 19] incorporates this viscous effect
in the evaluation of the flow velocities from Bernoulli’s
equation by proposing the following equation:

Pt_Ps
lpuz - 1+4/Reprobe9 (1)
where Re,,.,, is the Reynolds number based on the

probe outside diameter. In order to establish the
accuracy of the velocity measuring circuit, the velocity
probe assembled with the traversing mechanism and
connected to the Baratron system, is let to pick up the
velocity distribution in the turbulent air flow inside a
50.8 mm diameter pipe. The recorded velocities, after
being corrected if necessary according to equation (1),
are compared with the experimental data of Nikuradse
[20], Fig. 3. The velocity measurement accuracy will be
discussed under Results.

Sensing of the temperature in the present
experiments was accomplished by 18 AWG teflon-
coated copper—constantan thermocouple wires. All
thermocouples were calibrated to read temperature
accurate to +0.1°C. The temperature read-out and
recording device is a multichannel Data Logger
manufactured by Fluke. Seven thermocouples were
embeded equidistantly in the duct upper wall. The
function of these thermocouples is continuously to
monitor the duct wall temperature and also, together
with the heating elements in the wall, produce the
required temperature boundary for the duct (iso-
thermal or linear temperature). The temperature
distribution inside the duct was measured by
thermocouple slightly protruding from a 1.5 mm
diameter stainless steel tube made to replace the
velocity probe in the traversing aggregate. The
temperature indication of the flow field thermocouple
was corrected for errors arising from the heat exchange
between the thermocouple ball and the duct wall by
thermal radiation, convective heat loss from the
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thermocouple ball to the fluid stream, and also thermal
conduction through the thermocouple leads and the
tube itself. The details of the correction analysis are
outlined in [21]. The exit of the elliptical duct is
completely obstructed by a plane wire gauze made of
pure copper, to which a copper-constantan thermo-
couple is welded. This system serves to measure
the bulk temperature at the exit from the test section.
Two more thermocouples were implemented to
indicate the flow bulk temperatures at the inlet to the
elliptical duct and in the circular tubing before the
flow rate measuring orifice.

RESULTS AND DISCUSSION

The presentation and discussion of results will be
subdivided into two parts. The first is concerned with
the hydrodynamic results, which encompasses the
static pressure distribution and the flow velocity
development. The second part concerns the thermal
results, and deals with the temperature development in
the flow field for the two cases of isothermal and linear
wall temperature boundaries.

Hydrodynamic results

The hydrodynamicinformation about the flow in the
elliptical duct is generated while the wall heaters are
turned off.

Static pressure distribution. As the fluid stream enters
the duct, the fluid layers adjacent to the duct wall
experience retardation as a result of the friction with the
duct wall. For a constant mass flow rate in the duct, the
fluid particles outside this ensuing boundary layer have
to speed up, and the axial drop in the fluid static
pressure can best be described by:

P,—P

;Tﬁfx - Bh%e( RO+ K(x)+1, 2)
where P, is the stagnation pressure at the entrance,
K(x) is a pressure function accounting for the pressure
loss due to flow development in the distance between
the duct entrance and a location x in the duct, and its
limiting value in the fully developed regime is K(o0).
Thelaminar flow static pressure data is plotted in Fig. 4.
From equation (2), the ordinate and the abscissa of the
graph are selected to be (P,— P,)/4p#? and (x/D,Re)
respectively. The static pressure experimental results
are collected from 21 runs carried out at various flow
Reynolds numbers ranging from 1118 to 3791. A least
mean square technique is utilized to fair an average
curve through the 297 experimental data points. As
expected, the pressure gradient is maximum near the
duct inlet and decreases monotonically with the
downstream distance until it reaches a constant value.
Atthislimit, the pressure field is said to have assumed its
fully developed regime. The slope of the straight line
part of the experimental pressure curve, f Re, equals
67.817. The theoretically predicted value [7], for a 0.5
aspect ratio duct, is 67.288. The experimental friction
factor obtained is greater than the theoretical one by
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only 0.78%. In Fig. 4, through the point (P, — P,)/4p0>
= 1 on the ordinate, are drawn two lines with slopes
f Re=67.817 and 67.288. The lines represent the
experimental and theoretical solid wall friction as if
fully developed flow starts right at the duct entrance.
The vertical distance between the static pressure
experimental data and the line [67.817(x/Re D)+ 1]
gives the pressure head expenditure on flow
development in the entrance part, i.e. the function K(x).
In the LH upper corner of Fig. 4, the faired static
pressure curve is redrawn in order to facilitate the
utilization of this information. The solid line, passing
through the pressure experimental data in the fully
developed region and representing it, lies 1.395 units
above the parallel line [67.817(x/Re D)+ 1], which is
the incremental pressure drop required for complete
flow development, K(co). The corresponding theoreti-
cal value from [ 7], for an elliptical duct with any aspect
ratio, is 1.333. The experimental K(oo) is larger by
4.44%, The intersection of the convex and straight parts
of the pressure distribution curve, obtained from the
side graph of Fig. 4, locates the duct section where the

flow has attained complete development. Within the
accuracy of the figure, the extended length for complete
static pressure development is 0.0345. The entrance
length L./Re D, calculated theoretically by the
approximate method devised by McComas [8], using
the approximate analytic value K(c0) of 1.333 [7], is
0.02447. McComas [8] reports for the 0.5 aspect ratio
elliptical duct an L,ReD; equals 0.02176. The
difference between the two last values of L /Re Dy isdue
to an error in evaluating the second complete elliptical
integral in the expression of f Re. The tabulated results
of fRe and L./Re D, [10], corresponding to K(o0)
= 1.333, replaces the information in Table 2 of [8]. The
method due to McComas [8] predicts smaller entrance
lengths. The predicted L ./Re D, value in the case of a
circular tube [8] is 0.026, while the experimentally
measured value by {22] is between 0.03 and 0.035.
Another evidence of the low L./Re D, values of the
method [8]is recognized from the comparison with the
experimental data for the entrance lengths in the 5:1
and 2:1 rectangular ducts [23]. In a discussion of the
paper [8], Professor Olson recommended that the
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Table 1. Accuracy of velocity measurements

Rep, 4488 5872 7063 7984 8824 9986 11190
u,,(Orifice) 6.037 7.858 9.283 10.506 11582  13.090  14.593
u,(Probe) 6.029 8.823 9.256 10507 11.624  13.126  14.685
% Diff. —0.12 —0.44 —029  0.0029 0.036 0.27 0.63

experimental values for K(c0) are used instead of those
calculated analytically by [7]. This gives L./Re D,
equal to 0.0317 and 0.014 for the 2:1 and 5:1
rectangular ducts, respectively, and increases the
entrance length for the circular tube from 0.026 to 0.028.
The above modification due to Olson does partially
improve the above analytical predictions of the
L./Re Dy, but still leaves it below the experimental
values. Inserting both the incremental pressure drop
and the friction factor, determined from the present
experiments on the 0.5 aspect ratio elliptical duct, in the
expression introduced by [8], reduces the L./Re Dy,
from0.02477t00.02367. The experiments of [22] on the
circular tube and the present one on the elliptical duct
yield an entrance length around 0.035 vs an 0.025 value
obtained by the improved method due to Olson. The
approximate procedure outlined in [8] underestimates
the entrance length by at least 259,

Velocity development in the entrance region. The
development of the velocity of flow in the entrance part
of the 0.5 aspect ratio elliptical duct is represented by a
series of velocity profiles measured along the major and
minor axes at several axial locations from the duct
entrance. To assess the accuracy of the velocity
measuring probe with its pressure read-out device, as
well as the flow rate measuring orifice, the elliptical test
section is replaced by a 50.8 mm round pipe. The
velocity probe is made to traverse transversely for the
determination of the turbulent air flow fully developed
velocity distribution in the round pipe. Figure 3 gives
the velocity distribution corresponding to flow
Reynolds number of 9196. For the sake of comparison,
the results of Nikuradse [207] for flow Reynolds number
equals 9200 and the distribution w/u,, = (y/R)%-°S,
which is the least mean square fit to the present data, are
produced on the same graph. There is a slight deviation,
near the tube axis of the present data from the straight
line. With a specified index n for the velocity
distribution u/u, = (y/R)", it is possible to relate
between the maximum and average velocities of
turbulent flow in a round pipe [24]. The average
velocity of flow in the pipe was first calculated from the
measured mass flow in the orifice meter, and from
which the center line velocity is evaluated. Under the
same flow conditions, the maximum velocity is
measured by the velocity probe. Table 1 compares the
two values of the center velocity at different Reynolds
numbers. Inspection of Table 1 reveals that the
accuracy of measuring either the velocity or the flow
rate is within 4+ 0.5% of the measured variables. Figures
S5a and b represent a succession of velocity profiles
along the major and minor axes at different axial

location from the elliptical duct entrance. The flow
Reynolds number is 2229. The flow velocities
corresponding to probe Reynolds number less than 45
were corrected for the viscous effects. The velocity
distribution, whether on the major or minor axes, is flat
near the duct inlet, and as a result of the growth of the
wall boundary layer, becomes rounded as the flow
proceeds downstream. For the purpose of comparison,
the fully developed velocity profile [1], for the 0.5
aspect ratio elliptical duct, is presented in Fig. 5a. The
agreement between the velocity experimental results
and the analysis [ 1] is excellent. A cross-plot of the data
presented in Figs 5a and b, with the transverse
coordinates as parameters, reveals the course of
development of the axial flow velocity along lines
parallel to the duct axis and positioned at specific
distances from the duct wall, Figs 6a and b. When the
fluid enters the duct, the stream layers between y/a
= z/b = 0.9 and the wall are immediately decelerated
by the frictional forces set by the duct solid wall. In
order to preserve constant flow rate, the inner layers
have to speed up. In the dimensionless tube length x/Re
Dy, less than 0.01, the influence of the wall shear stress
continues to propagate gradually, through the just
accelerated fluid layers, inwards towards the tube
center, thus retarding flowing particles consecutively
from y/a = z/b = 0.8 to 0.4, and accelerating the ever-
shrinking potential core. The above adjustment in the
axial flow field, evidently, necessitates mass replenish-
ments be delivered continuously to the duct core and be
extracted from the outer decelerating layers. Cross-
fluid movements develop transverse vortices as those
illustrated schematically in the insets of Figs 6a and b.
The size and strength of a transverse vortex vary with
the axial distance. Inspection of Fig. 6a, considering
one-quarter of the duct only, reveals the existance of
two such vorticies near the major axis, having their
maximum intensities at x/Re D, = 0.015 and 0.0266,
respectively. From the graph also, it is seen that the
effect of the transverse mixing can be felt quite a
distance upstream the location of the maximum
intensity of the respective vortex, so that beyond x/Re
D, equals 0.012, the flow can no longer be classified as
parabolic even in the proximity of the duct core. The
strength of the first vortex, Fig. 6a, demolishes shortly
after x/Re Dy, = 0.015,and the flow along the major axis
recovers from the retardation produced by the first
transverse mixing. The fluid particles on the major axis
attain thereafter higher velocities. The restored
velocities are foreseen to lay on hypothetical curves ‘A’
Figs 6a and b. By hypothetical curves is meant
presumed smooth curves faired between the velocity
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values of the accelerated particles (y/a = z/b < 0.9)
near the duct entrance and the corresponding fully
developed velocities. The curves may represent the
deceleration of fluid particles solely due to a
continuously connected friction from the wall while
excluding the transverse mixing interruptions. The
second transverse mixing on the major axis occurs just
before the fully developed regime at x/Re D, = 0.0266
and occupies a wider axial span than the one upstream
at0.015. The second vortex redistributes the flow across
the duct, and the dashed lines on Figs 6a and brepresent
the axial locations where the various stream layers have
reached velocities only 19 different from the fully
developed values. The flow on the minor axis is
subjected to a more flattered mixing vortex, similar to
that indicated qualitatively on the inset of Fig. 6b. It
extends over approximately the whole duct entrance
length and has maximum intensity at x/Re Dy = 0.02.
From Figs. 5 and 6, it is concluded that the fully
developed velocity distribution on the major and minor
axes have been attained after x/Re D, = 0.0431 and
0.033, respectively. Some of the velocities, at certain
locations in the duct, attain constant values before
others. In other words, there is specific developing
length corresponding to every transverse position in
the duct. This statement does not contradict with the
mass conservation of the flow. An example can be
quoted from the observation of the variation of the
center line velocity. The wall effect, through the shorter
track along the minor axis, determines and fixes the
value of the duct center velocity in axial distance
x/ReD, < 0.024, On the ellipse major axis, in the tube
length 0.04324 > x/Re D, > 0.024, Fig. 6a dem-
onstrates a further development of the flow velocity in
the transverse distance 0.8 > y/a > 0.2. In this
research, it was decided to select the developing
entrance length for the complete development of the
velocity as the axial distance required for the flow
velocity to attain a uniform value on every point on
both the major and minor axes.

The foregoing comparison between either the
experimental fully developed friction factor or the fully
developed velocity profiles, along the major and minor
axes, and the closed form analytical expressions for the
above characteristics provides confidence in the
accuracy of the present results. The approximate
method [7] determines the incremental pressure drop
in elliptical tubes with reasonable accuracy. The
procedure due to McComas [8], to estimate
approximately the entrance length in noncircular
tubes, can predict with serious deviations only the
length for hydrostatic pressure development and not
the length for the velocity development. In some
situations of flow inside noncircular tubes, it is possible
that complete velocity development can be achieved on
one axis of symmetry before the other.

Heat transfer results
In this section the heat transfer results of the laminar
flow in the elliptical duct are presented. As previously
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mentioned two thermal boundary conditions were
investigated, namely, the isothermal and the linear wall
temperature boundaries. For each case, the course of
development of the transverse temperature distri-
bution in the thermal entrance length of the duct up till
the thermally fully developed regime is presented. The
fully developed Nusselt number and the thermal
entrance length are also determined.

The uniform wall temperature duct. Figure 7a and b
are plots of the experimental axial variation of the
dimensionless temperature distribution, 0, along the
major and minor axes of the ellipse for the case of
laminar flow with a Reynolds number 1718. The duct
wall and the entering air temperatures are 53.4 and
30.6°C, respectively. Generally for an internal flowin a
duct, the axial bulk temperature gradient is connected
to the average circumferential wall gradient by:

dT __4 1L 4T\ o
dx RePrpJ,\dn/, P

Specifically, if a thermally fully developed regime is
established inside an 0.5 aspect ratio elliptical duct, the
total average wall gradient in the RHS of equation (3)
could be replaced by the arithmetic average of the wall
gradients at the ends of the major and minor axes, so
that:

dT _ 4 1ffer\ (o1 @
dx  RePr2|\dy /y-a \0z /),

The copper wire gauze mounted at the outlet of the
ellipticduct, with a sensing thermocouple attached toiit,
determines the bulk temperature at the duct exit. The
experimental wall temperature gradients near the duct
exit are used with equation (4) to determine the local
upstream bulk temperature. This procedure is followed
between the successive measuring stations and is
continued even in the developing length until the inlet
air temperature is finally found. The difference between
the thus calculated inlet air temperature and its directly
measured value did not, in several runs, exceeds 0.2 K.
Next, local heat transfer coefficient, based on the above
bulk temperature, was evaluated.

Near the duct entrance, the dimensionless tempera-
ture profile 8 (Fig. 7) is flat and becomes rounded as we
proceed downstream in the duct. On the same graphs,
the analytical prediction of Dunwoody [2] for the
development of the temperature distribution in the
entrance region of an isothermal elliptical duct is also
plotted. The analysis [2] assumes a fully developed
velocity profile throughout the duct and expresses the
three-dimensional temperature distribution, in terms
of elliptical coordinates, by the following equation:

l//(C’ n,x/Re Pr Dh) = Z Am.n

A X

X ¢m,n(c’ 71) eXp (_ m)’ (5)
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where

sin p [g (C£ + 1)] cos (gn)
0

ng=024,....

P = 2. Ay
b4
mp=1235..;

Dunwoody [2] reports, for the 0.5 aspect ratio elliptical
duct, only the parameters of the first group in the
expansion (5). In order to attain a better comparison,
the next two groups in the cxpansion were gencrated.
The coefficients of the cigenfunctions and the
cigenvalues are listed in the Appendix. Inspection of
Figs 7a and b reveals that close to the duct entrance the
analytical dimensionless temperature 6 values are
smaller than those measured experimentally. The
difference is largest at the duct core, and as the flow
velocity develops the analytical profile approaches the
experimental one, until they finally coincide at x/Re Pr
D,, = 0.05. The coincidence between the two tempera-
ture profiles in the fully developed regime is remarkably
good. Itismost probable that the difference is due to the
simplification involved in the analysis [2] by assuming
a fully developed velocity distribution right from the
duct inlet. Hence, it can be claimed that, it is this
difference which reflects the degree of approximationin
the analysis [2], if the latter is made to replace a
rigorous simultaneous hydrodynamic and thermal
developing solution. The axial variation of the local
Nusselt number at the ends of the major and minor axes
is plotted in Fig. 8 for both the present experimental
data and the analysis [2]. The local Nusselt number
decreases montonically from the duct inlet to its
constant value in the fully developed regime. The local
Nusselt at the end of the minor axis is always larger than
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at the end of the major. As expected, the Nusselt
numbers from [2] are below those measured in the
present experiments. The local Nusselt values of the
analysis [2] and the present experiments coincide
excellently in the fully developed regime. To complete
the task, it is useful to investigate the effect of the
idealizations included in the approximate theoretical
analysis [ 18]. Gilbert et al. [18] assume slug flow in the
duct and further neglect the heat conduction in the
direction of the major axis relative to that in the minor
direction. The Nusselt numbers of [ 18], plotted in Fig.
&,are much lower than those of the present experiments.
They are even below the Nusselt values [2], derived
with fully developed profiles. This goes against the
normal expectations, and the reason could bedue to the
second idealization postulated above. The local
Nusselt values [18] do not decrease to the fully
developed local values but approach the zero value
asymptotically. From the characteristics of thermally
and hydrodynamically [ully developed flow in an
isothermal duct of uniform cross-section, it is possible
to relate the two temperatures of the fluid at the same
transverse location but axially apart by Ax by the

following equation :
(T_ Tw)x+Ax = (T_ Tw)x exXp (—BA-’C): (6)

where f is a thermal decay constant. Furthermore, the
fully developed Nusselt number can be evaluated if the
decay constant f§ is known:

4 Nuy 1
-1(5,)

Re Pr
Hence, in order to determine experimentally the fully
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developed Nusselt number Nug, it is sufficient to
measure two temperatures at the same transverse
position in the duct and distant Ax in the fully
developed regime and use equations (6) and (7) to
calculate f and Nug successively. This approach is
much simpler, from the practical point of view, than
thermally insulating the duct and measuring the heat
flux input and the rise in the bulk temperature with the
duct axis. In other words, the fully developed Nusselt
number, for an isothermal duct with uniform but
arbitrarily shaped cross-sectional area, can be
measured by a single thermocouple probe traversing
the temperature field axially while preserving a fixed
transverse location in the duct. This method was
conveniently used here to evaluate experimentally the
Nurin the 0.5 aspect ratio elliptical duct. The value of
calculated from any two measured temperatures at x
and x+Ax, is specified to be at x+(Ax)/2. Figure 9
represents experimental values of the dimensionless
decay constant f/(1/Dy), calculated from matching
temperatures at different axial locations in both the
developing and fully developed sections of the duct. The
dimensionless decay constant decreases monotonically
from the duct entrance till it assumes a fixed magnitude
in the fully developed regime. The top part of Fig. 9is an
expanded view of the 27 f/(1/D,) data points in the
thermally fully developed range. The abscissa of the
figure is the axial location (x + Ax/2)/Re Pr D,) of the
intermediate point midway between two stations,
Ax/Re Pr D, apart, and whose temperatures were used
to evaluate f/(1/D;). The number adjacent to each
dark circle in the top part of Fig. 9 is the distance Ax/
Re Pr D,. The average value of the points in the top
viewis 0.01237 and the corresponding Nuyis 3.745. The
theoretically predicted value [2] is 3.729, which differs
by 0.43% from the present experimental value. The

thermal entrance length was determined when the
calculated value of the decay constant f§ begins to
deviate from its asymptotic value in the fully developed
regime. The thermalentrancelength L./Re Pr Dy found
from the data in Fig. 9 is 0.04699. This value is not far
away from the one (0.04942) at which the dimensionless
profiles of [2] and the present work merge.

The linear wall temperature duct. This boundary can
be met in counterflow heat exchangers. Figures 10a and
b illustrate the corrected measured dimensionless
temperature profiles, on the major and minor axes,
while developing from the duct entrance down to the
thermally fully developed regime. In this experiment,
the duct wall temperature rose linearly from 35.11°C at
the duct inlet to a maximum of 51.45°C near the duct
exit. The entering air temperature and the flow
Reynolds number were 26.3°C and 1960, respectively.
The dimensionless temperature profile, as expected, is
flat at duct entrance, becomes rounded in the
downstream direction. Javeri [3], using the variational
calculus, studied the entrance wall temperature duct
problem, and used the Runge-Kutta method to solve
the resulting set of ordinary differential equation. For
better accuracy, the solution of the same set of ordinary
differential equations [3] is obtained by the present
authors using the matrix inversion technique. In [3],
two limiting velocity idealizations were assumed
throughout the duct length, the fully developed and the
slug or uniform profiles. For the sake of evaluating the
results of [ 3], the analytic results obtained by the matrix
inversion method are presented on Figs 10a and b. The
slug flow model is always away from the present
experimental data, and continues to be so even in the
hydrodynamically and thermally fully developed
regimes. The fully developed model is a better
approximation than the slug flow one. The experi-
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mental dimensionless temperature profile and the fully
developed model solution [3] coincide at x/Re Pr D,
= 0.09906. Before we turn to the heat transfer results, it
is important to notice the temperature experimental
data on the major axis at y/a = 0.925. The temperature
profile at this location on the major axis experiences a
sudden increase. This experimental observation does
not exist in the case of the measurement on the minor
axis. Hence, the reasoning that an instrumental error
might be the cause is excluded, and axial heat
conduction near the duct wall may be significant. In the
hydrodynamically and thermally fully developed
regime, it is well known that the fluid temperature
distribution for the linear wall temperature and
constant wall axial heat flux with uniform transverse
temperature boundaries are similar, The comparison of
the analytic fully developed temperature profile [ 1], for
the constant heat flux boundary, with the present
experimental data revealed excellent agreement, to the
extent that the profile [ 1] cannot be distinguished from
the fully developed experimental data in Figs 10a and b.

The development of the experimental local Nusselt
number, at the ends of the major and minor axes, is
plotted in Fig. 11, together with the analytic results of
Javeri [3]. The two models used by Javeri [3] predict
higher values of the Nusselt number. As stated before,
the slug flow model gives a larger deviation than the
fulty developed model. The Nusselt number at either

axis assumes its constant fully developed value at
x/Re Pr D, = 0.094, which is close to the location
where the analytic solution [3] coincides with the ex-
perimental results.

In the case of the fully developed linear wall
temperature boundary, the fluid bulk temperature
axial gradient is constant and is the same as the wall
temperature gradient, and the axial temperature
gradient at any point in the fluid. The value of § in
equation (7), could be determined from:

1 dT-T)

b= dx

The value of the derivative in equation (8) is known
from either the wall gradient or the fluid axial
temperature gradient, and it remains to know the local
value of the bulk temperature in order to decide upon
the magnitude of B. As before the wire gauze at the duct
outlet provided the bulk temperature at exit, and with
the knowledge of the linear bulk temperature axial
gradient in the fully developed regime, bulk
temperatures in the fully developed part were
determined. The procedure outlined in the isothermal
duct experiments was then adopted to calculate bulk
temperatures throughout the duct. Comparison of the
fully developed bulk temperatures from the two
methods showed excellent agreement. The above
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procedure yielded an air temperature at inlet higher
than the actual value by only 0.4 K. Ten values of #in
the fully developed region were calculated and the
average § was found to by 0.013196 which corresponds
to a fully developed Nusselt number of 4.5587. The
theoretical fully developed Nusselt number [1] for a
constant heat flux duct, Nuy,is4.5575 and the difference
is only 0.02%;.

CONCLUSION

The accurate measurements of the flow and heat
transferin an 0.5 aspect ratio elliptical duct revealed the
need for a better analytical solution in the entrance
section of such ducts. The existing approximate
solutions predict the trend in the flow and heat transfer
characteristics in the entrance portion but do not yield
this information quantitatively accurate.
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APPENDIX
Coefficients in equation (5)
Ao =1497, A, ,=0.88846
p/q 1 3 5 7 9
0 -—-09874 00152 00014 0.0003  0.0001
2 1.0000 —0.0229 -0.0020 -0.0004 —0.0001
4 —0.2189 00094 00008 0.0002
6 0.0312 —0.0022 -0.0002
8 —0.0032 0.0003
10 0.0003
A1 =7523, A, ,=0.29624
p/q 1 3 S 7 9
0 —0.5831 0.0320 —0.0001 0.0005 0.0004
2 —04536 —-00211 0.0010 0.0007 0.0005
4 02132 0.0019 —0.0020 —0.0007 -0.0003
6 —00603 00005 0.0010 —0.0005 -0.0002
8 0.0024 —0.0003 —-0.0005 0.0003
10 —0.0005 —0.0003  0.0001
12 0.0002  0.0001
14 —0.0001
Ay =1064, A;,=0.19634
p/q 1 3 5 7 9 11
0 —0.1211-0.6312-0.0124 —0.0112 —0.0005 —0.0002
2 -0.1011-09694 00253 0.0186 0.0032 0.0001
4 0.0427 0.1663 0.0009 —0.0097 —0.0005
6 —0.0073-0.0673 0.0004 0.0003
8 0.0008 0.0053 —0.0001
10  —0.0003 —0.0002
12 0.0001
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EXPERIENCES SUR L’ECOULEMENT LAMINAIRE ET SUR LE TRANSFERT THERMIQUE
DANS UN TUBE ELLIPTIQUE

Résumé — Des expériences sont faites pour étudier |'écoulement laminaire en développement puis établi et le
transfert thermique dans un tube elliptique avec un rapport d’axes de 0,5. Le fluide en mouvement est I’air et
deux conditions thermiques sont considérées : la premiére avec le tube a température uniforre et I'autre avec
une distribution pariétale de température linéaire dans la direction longitudinale et sans variation
transversalement. Les résultats hydrodynamiques sont présentés sous forme d’une séquence de profils de
vitesse sur les axes grand et petit, mesurés a différentes distances axiales depuis 'entrée du tube. La chute de
pression statique due a I'effet combiné du développement de I'écoulement et du frottement pariétal est aussi
étudiée. La longueur nécessaire au développement de la pression statique, exprimée par x/Re D, est 0,0345.
L’information thermique dépeint le développement de la température a I'entrée du tube par une série de profils
de température suivant les axes grand et petit. Les résultats concernent le nombre de Nusselt et la longueur
d’établissement thermique pour chacune des conditions thermiques. D’aprés I"auteur, des solutions théoriques
pour le développement hydrodynamiques n’existent pas pour les tubes elliptiques. Les présentes données
expérimentales de régime établi sont comparées aux valeurs analytiques de Toa, pour les vitesses réduites et le
coefficient de frottement. La différence pour ce dernier est de 0,78%;. Le développement thermique a été étudié
analytiquement par Dunwoody et Javeri pour une température pariétale respectivement uniforme et linéaire.
Les deux analyses supposent un profil de vitesse soit uniforme, soit pleinement établi dans la région de
développement du régime thermique.

EXPERIMENTELLE UNTERSUCHUNG VON LAMINARER STROMUNG UND
WARMEUBERGANG IN EINEM ELLIPTISCHEN KANAL

Zusammenfassung—Die Ausbildung und der vollstindig ausgebildete Zustand einer laminaren

Luftstrdbmung sowie der Warmeilibergang wurden in einem elliptischen Kanal (Achsenverhiltnis 0,5)

experimentell untersucht. Zwei Félle wurden unterschieden : Im ersten hatte die Kanalwand eine einheitliche

Temperatur, im zweiten war die Wandtemperaturverteilung in axialer Richtung linear und am Umfang

konstant. Geschwindigkeits- und Temperaturprofile in Richtung der beiden Achsen wurden fiir verschiedene

axiale Positionen dargestellt. AuBerdem wurden Druckabfall, Nusselt-Zahl und Linge der thermischen
Anlaufstrecke angegeben.

IKCNEPUMEHTAJIBHOE UCCJEAOBAHUE JIAMUHAPHOI'O TEUEHHUA
W TEMJIOOBMEHA B 3JUIMNITUYECKOM KAHAIJIE

Annotammsi—[1poBeIeHO 3KCnepHMEHTaIbHOE HCCeJOBaHHE Pa3BHBAIOLLETOCS H MTOJTHOCTBIO Pa3BHTOrO
JIAMHUHAPHOTO TEYEHHA M TenIonepeHoca BHYTPH WUIMATHHECKOrO KaHaja ¢ OTHOLUEHHEM Nojyoceid
0.5. B kauecTtBe paboueii )KHAKOC TH HCToIb30BasCs Bo3ayx. Mccnenopasuck asa ciyvas: (1) paBHoMepHO
HATpeTHIil KaHa U (2) KaHaJ ¢ TMHEHHBIM pacnpeie/ieHHeM TEMIIEPATYPhl CTEHKH BIOJIb OCH H NIOCTOSIH-
HOW TeMnepaTypoii B nonepeiHOM HanpasiieHHH. [MAPOAMHAMHHECKHE pPe3y/IbTaThl NPEACTABJIEHBI
B BHJE NOCJIEA0BATENbHOrO psaa npoduiecit ckopocTH Ha OObIIOH M MajloH OCAX, H3IMEPEHHBIX Ha
psile Y4aCTKOB [0 OCH BAOJIb KaHaJsa, HAYHHAs OT BXOJA B KaHaj [0 OOJACTH NOMHOCTHIO Pa3BHTOrO
pexnMa TeueHHs. Takxke paccMaTpHBaeTCs epenaj CTaTHYECKOTO NaBJIEHHS 10 OCH M3-32 COBMECTHOIO
BIIMAHHS AHHAMMKH MOTOKA W TpeHus Ha crenke. Hailineno, yto mnuua, HeoOXoaumas OJs pa3BHTHA
CTaTHYECKOrO [IaBJIEHHS, Onpedensemas OTHolleHHeM x/ReD, coctaBnser 0.0345. Pesyabrathl mo
Ten1006MeHy NPeICTABIICHBI PAIOM TEMIEPATYPHBIX TpoduIei Ha GONBLION ¥ Malo#i OCIX IIHITHYEC-
KOTO CEeYeHHd, NOKA3bIBAIOIIMX H3IMEHEHHE TEMNEPATYPbl B 001aCTH BXOJA B KaHaNA. JTH pe3ybTarthl
BKJIIOMAIOT Takxke uHciao HyccenbTa M MUIMHY TEMJIOBOrO HAa4ajbHOTO y4YacTKa IS KaXaoro M3
YKa3aHHbBIX Bbillle cyyaeB. HacKO/IbKO H3BECTHO aBTOPaM, TEOPETHYECKHE pELLEHHs 33[a4d pa3BUTHSA
THAPOAHHAMHYECKOTO TEYCHUS HA BXOIE B JUIHNTHYECKHE KaHalbl OTcyTcTBYioT. [IpeacramiieHHbie
IKCMEPHMEHTAJILHBIE JAHHBIE 110 MOJHOCTBIO Pa3BHTHIM Oe3pazMepHbIM CKOPOCTH H TPEHHIO CPaBHH-
BalOTCA C TEOPETHYECKMMH 3HA4YEHHAMH, nojyieHHbIMH JI. M. Toa. B npoUEHTHOM BbIpaKE€HHH
pasiH4He B 3HAYCHMAX Kodbdunmenta TpeHus coctasaseT 0.787 . TennoobmeHn npu TedeHHH B
THNTHYECKOM KaHaje u3y4ancs Teoperwdeckw H. T. [daweuou u B. [IxaBepu a1 paBHOMEPHO
HAarpeToro KaHajla M KaHafja c JIMHEHHBIM U3MCHEHHEM TeMNepaTypbl CTeHKH. B 0boux HccnenosaHmax
Npeanosaraluch WIN PABHOMEPHbIE WIH NMOJHOCTbIO Pa3BHThie MPODUIH CKOPOCTH B PeXHUME Pa3BH-
TOrO TEYCHHS.
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